In this paper we establish a topological similarity between two apparently different shape constructors from a set of points. Shape constructors are geometric structures that transform finite point sets into continuous shapes. Due to their immense practical importance in geometric modeling various shape constructors have been proposed recently. Understanding the relations among them often leads to new insights that are potentially helpful in applications. Here we discover a topological equivalence among two such geometric structures, namely α-shapes and flow shapes. Both shapes found applications in surface reconstruction and molecular modeling
INTRODUCTION
Sample based shape modeling has gained popularity in recent years because of its wide applicability in science and engineering [1, 2, 3, 4, 7] . For example, it is almost routine to obtain sample points from the boundary of an object with recent scanning devices. Shape modeling reverses this process of discretization, that is, it creates a continuous shape out of these discrete points. The α-shapes originally proposed by Edelsbrunner et al. [8] and later extended by Edelsbrunner and Mücke [10] provide an efficient means for creating shapes out of point sets. Recently, flow shapes discovered by Giesen and John [11] and also by Edelsbrunner [6] provide another means of creating shapes out of a point set.
In fact both α-shapes and flow shapes can be used to define a hierarchy of shapes from a set of points. This allows multi scale modeling which turns out to be useful in detecting features at different length scales such as detecting pockets in macromolecules [7] . α-shapes put a ball of radius √ α around each point and construct a simplicial complex that respects the intersections among these balls. The underlying space of this simplicial complex is defined as the α-shape. As α changes, new simplices are added or deleted as intersections among the balls appear or disappear. This means a hierarchy of shapes can be defined using α as a scale parameter. Flow shapes, on the other hand, are defined as a cell decomposition of the embedding space of the sample points. The decomposition is based on the gradient flow of a distance function. The cells of this decomposition can be ordered by some distance values giving a hierarchy of shapes. While both α-shapes and flow shapes define a hierarchy of shapes using some scale parameter, they are quite different geometrically. We illustrate this fact later using an example data set. Naturally a relevant question is raised whether the two hierarchy have any kind of similarity. We show that indeed the two hierarchies have a certain topological similarity, namely they are homotopy equivalent. Specifically, both α-shapes and flow shapes change their topology only at discrete critical levels in the hierarchy. These critical levels turn out to be the same in both hierarchies. We show that at any critical level the two shapes are homotopy equivalent. The homotopy equivalence between two shapes holds even between two consecutive critical levels. However, there is a striking difference between α-shapes and flow shapes in these intervals between critical levels. Many α-shapes that are different as sets but have the same homotopy type may appear in these intervals while different flow shapes only appear at critical levels. Our result shows that, even in the presence of this difference one does not miss any topological change captured by the α-shape hierarchy when taking the flow shape hierarchy instead. This sparseness of the flow shape hierarchy should be beneficial for some applications. Furthermore the definition of flow shapes has a strong Morse theoretic flavor which might allow the use of Morse theoretic concepts that are not directly applicable to the α-shapes. Also, many applications of α-shapes may benefit from taking the advantages of flow shapes which sometimes seem to capture geometry better as we will demonstrate later in Figure 11 .
COMPLEXES
The α-shape and the flow shape are the underlying spaces of cell complexes called the α-complex and the flow complex, respectively. These cell complexes are derived more or less directly from the Voronoi-and Delaunay complexes of a finite set of points in Ê 3 . In this section we summarize the definitions of Voronoi-and Delaunay complexes and give the definition of an α-complex and an α-shape associated with a finite set of points. The definition of an α-complex is very similar to the definition of the Delaunay complex. This is not the case for the flow complex. Thus we introduce the flow complex in a separate section.
Voronoi complex. Let P be a finite set of points in Ê 3 . The Voronoi cell of p ∈ P is given as
The sets Vp are convex polyhedra or empty since the set of points that have the same distance from two points in P forms a hyperplane. Delaunay complex. The Delaunay complex of a set of points P is dual to the Voronoi complex of P . The convex hull of four or more points in P defines a Delaunay cell if the intersection of the corresponding Voronoi cells is not empty and there exists no superset of points in P with the same property. Analogously, the convex hull of three or two points defines a Delaunay face or Delaunay edge, respectively, if the intersection of their corresponding Voronoi cells is not empty. Every point in P is called Delaunay vertex. The term Delaunay object denote either a Delaunay cell, face, edge or vertex. The Delaunay complex D(P ) defines a decomposition of the convex hull of all points in P . This decomposition is a triangulation if the points are in general position.
We always refer to the interior and to the boundary of Voronoi-/Delaunay objects with respect to their dimension, e.g. the interior of a Delaunay edge contains all points in this edge besides the endpoints and the interior of a vertex and its boundary are the vertex itself. Furthermore, we always assume general position unless stated differently.
Union of balls. Let P be a finite set of points in Ê 3 . The union of balls centered at the points in P with radius √ α for α ≥ 0 is denoted by B α (P ), i.e.
α-complex. Given a finite set of points P ∈ Ê 3 and α ≥ 0, the α-complex of P is the dual complex of the Voronoi diagram of P restricted to the union of balls B α (P ). The restricted Voronoi cell of p ∈ P is given as
The restricted Voronoi cells are used to define the α-complex K α (P ) analogously to the Delaunay complex. The convex hull of four or more points in P defines a face in the α-complex if the intersection of the corresponding restricted Voronoi cells is not empty and there exists no superset of points in P with the same property. Similarly, the convex hull of k, 1 ≤ k ≤ 3 defines a facet in the α-complex if the intersection of the corresponding restricted Voronoi cells is not empty. By construction the α-complex is a sub-complex of the Delaunay complex for every α ≥ 0. With increasing α more and more cells of the Delaunay complex appear in the α-complex,
In fact, we can get a filtration of the Delaunay complex from the α-complexes, i.e. a sequence K α 1 (P ), . . . , K αn (P ) of α-complexes such that
The αi, i > 1 are typically chosen to be the critical α-levels.
For convenience we extend the definition of α-complexes to negative values of α by setting
It is important to note that the homotopy type of the α-shape changes only at critical α-levels, but it is easy to see that there are critical α-levels where the homotopy type of the corresponding α-shape does not change, see Figure 1 for an example.
The following theorem is due to Edelsbrunner [5] . It can be proven using the nerve theorem, but Edelsbrunner also gave a deformation retraction from B α (P ) to the corresponding α-shape. Theorem 1. Given a finite set of points P ⊂ Ê 3 . For every α ≥ 0 the union of balls B α (P ) and the α-shape corresponding to K α (P ) are homotopy equivalent.
In the subsequent sections we are going to associate with every value α ∈ [0, ∞) for a given point set P another cell complex F α (P ), namely the flow complex at level α. The main theorem of this paper then states that the underlying topological spaces of K α (P ) and F α (P ) are homotopy equivalent for every α ∈ [0, ∞).
INDUCED FLOW
The flow that we are going to study is the flow along the gradient vector field of the distance function induced by a finite set of sample points. Extra care has to be taken since this distance function is not smooth everywhere, i.e. the gradient is not defined everywhere. Distance function. Let P be a finite set of points in Ê 3 . The distance function induced by P is given as
The graph of the distance function h is the lower envelope of a set of paraboloids centered at the points in P . Thus the function h is continuous. It is smooth everywhere besides at points which have the same distance from two or more points, i.e. at points that lie on the boundary of a Voronoi cell. The definitions given in the critical point theory of distance functions developed in Riemannian geometry [12] boils down in our setting to the following:
Regular-and critical points. Let P be a finite set of points such that Voronoi and their dual Delaunay objects intersect in their interiors if they intersect at all. Then the critical points of the distance function h are the intersection points of Voronoi objects V and their dual Delaunay object σ. The index of a critical point is the dimension of σ. Non critical points are called regular.
Note that the intuition about critical points that they are local extrema and saddle points is still valid in this more general setting.
In the following we always assume that Voronoi and their dual Delaunay objects intersect in their interiors if they intersect at all. Other intersections are degenerate in the sense that they are stable under small perturbations of the point set.
Critical level. Let P be a finite set of points. A value
Theorem 2. Let P be a finite set of points in Ê
and let h be the corresponding distance function. If the interval
Proof. This theorem is the specialization of the main theorem of the critical point theory of distance functions [12] to the distance function h.
Note that the union of balls B α (P ) is just the set h −1 (α). Thus we get from Theorem 2 that the homotopy type of the union of balls B α (P ) changes only at the critical levels of the distance function h. Together with Theorem 1 this implies that the homotopy type of the α-shapes only changes at the critical levels of h. Hence the critical levels of h are all critical α-levels. Note that the converse is not true, i.e. not every critical α-level is a critical level of h, see Figure 1 for a counterexample.
The following definition turns out to be very helpful in the subsequent discussion. It allows us to characterize the direction of steepest ascent of the distance function h at every
Driver. Let x ∈ Ê 3 be any point. Let V be the lowest dimensional Voronoi object in the Voronoi complex of P that contains x and let σ be the dual Delaunay object of V . The driver d(x) of x is the point on σ closest to x.
It can be shown at every regular point x ∈ Ê 3 the direction of steepest ascent of the distance function h is given by the vector
We want to study how the points in Ê a point x ∈ Ê 3 follows in this motion is called the orbit of x. For smooth distance functions the computation of a single orbit results in the solution of an ordinary differential equation. Since the distance function h is not smooth everywhere, we cannot apply the theory of ordinary differential equations here. Nevertheless individual orbits can also be computed for h. They can be derived from the flow induced by the point set P . The induced flow is a solution
One can easily check that the following definition satisfies the equation above. Note that the definition is inherently algorithmic. Induced flow. The flow φ induced by a finite point set P is given as follows: For all critical points x of the height function associated with P we set:
Otherwise let d(x) be the driver of x and R be the ray originating at x and shooting in the direction
. Let z be the first point on R whose driver is different from d (x) . Note that such a z need not exist in Ê 3 if x is contained in an unbounded Voronoi object. In this case let z be the point at infinity in the direction of R. We set:
For t ≥ z − x the flow is given as follows:
It is shown in [11] that the function φ is well defined.
Orbits and fixpoints. Given x ∈ Ê
3 and an induced flow φ, the curve Because of this observation we refer to a fixpoint of φ as a minimum, saddle or maximum if the corresponding critical point of the distance function is a minimum, saddle point or maximum, respectively.
FLOW COMPLEX
We are going to group all points together that flow into the same fixpoint of the flow. These inflow regions of critical points are essentially the cells of the flow complex that we are also going to define in this section.
Stable manifolds.
Given an induced flow φ, the stable manifold S(x) of a fixpoint x ∈ Ê 3 is the set of all points that flow into x, i.e.
S(x)
Instead of directly working with stable manifolds of critical points we introduce a smoothed version which has nicer properties. Smoothing means for all practical purposes taking the closure of the stable manifold. We will later comment on why the following definition is more complicated. Flow complex. Given the flow φ induced by a finite point set P ⊂ Ê 3 and α ≥ 0, the flow complex F α (P ) is defined as the collection of all stable manifolds of critical points x with h(x) ≤ α. For convenience we also extend this definition to negative values of α be setting F α (P ) = F 0 (P ) = P for α < 0. We refer to the underlying topological space of
The definition of flow complexes corresponding to a finite point set P ⊂ Ê 3 implies that
By construction the values α ≥ 0 such that F α−ε (P ) = F α (P ) for all ε > 0 are exactly the critical levels of the distance function h. Thus we have the following observation. In the following we will show that the flow complex is actually a cell complex for every α ∈ [0, ∞). An induced flow in Ê 3 has four different types of fixpoints, local minima, saddle points of index 1, saddle points of index 2 and local maxima. In the following we are going to characterize the smoothed stable manifolds of the four different types of fixpoints. The smoothed stable manifolds of index 2 saddle points have a more complicated structure. Note that, in general, they are not composed of Delaunay triangles.
Lemma 2. Let s be an index 2 saddle of φ. If the stable manifold S(s) of s does not contain a Voronoi vertex then S * (s) is a piecewise linear surface with boundary. The boundary of the surface is made up of Gabriel edges.
Proof. A constructive proof can be found in [11] . Later we need some ideas from the constructions in this proof to prove the main result of this paper, i.e. the homotopy equivalence of α-shapes and flow shapes.
Note that we do not claim that the surface is homeomorphic to a disk. In fact, the surface need not be simply connected, i.e. it can have holes. Furthermore, the lemma does no longer hold if the stable manifold S(s) contains a Voronoi vertex. In that case S(s) can have three dimensional components which forced us to give the quite complicated definition of smoothed stable manifolds. This definition takes care of the three dimensional parts. But in the following we want to assume that none of the stable manifolds of index 2 saddle points contains a Voronoi vertex.
Saddle complex. Given a finite set of points in Ê 3 , we call the simplicial complex built by the smoothed stable manifolds of all saddle points, i.e. the Gabriel edges and the surfaces from Lemma 2 the saddle complex of the point set.
It remains to characterize the stable manifolds of the maxima. The proof of the following theorem appeared in [11] . 
Observation 4. Let h be the distance function associated
with a finite set of points P ⊂ Ê
. For every critical point y of h in the boundary of the smoothed stable manifold of a critical point x it is h(y) < h(x). Thus every cell in the flow complex appears only at larger values of α than the cells in its boundary.

HOMOTOPY EQUIVALENCE
In this section we are going to show that the underlying topological spaces of K α (P ) and F α (P ) are homotopy equivalent for every finite point set P ⊂ Ê 3 and every α ≥ 0.
Theorem 4. Given a finite set of points P ⊂ Ê 3 . For every α ≥ 0 the topological spaces underlying K α (P ) and F α (P ) are homotopy equivalent.
Proof. From Theorem 1 we know that B α (P ) and K α (P ) are homotopy equivalent for every α ≥ 0. Thus it is enough to show that B α (P ) and F α (P ) are homotopy equivalent for every α ≥ 0. We are going to prove this by induction over the critical levels of the distance function h corresponding to P . For α = 0 we have
Hence we have the stronger statement that for α = 0 the underlying topological space of F 0 (P ) is not only homotopy equivalent to B 0 (P ) but the two spaces coincide. In the following we will use for convenience the notation F α (P ) for the complex as well as for its underlying topological space. From Theorem 2 and Observation 2 we know that the homotopy type of B α (P ) and F α (P ) can only change at the critical levels of the distance function h. That is, we have to show that when α passes through a critical level the homotopy types of B α (P ) and F α (P ) change in the same way.
Let 0 < α1, . . . , αn be the critical levels of the distance function h. We now assume that B α (P ) and F α (P ) are homotopy equivalent for all α ≤ αi−1 + ε, where ε > 0 is chosen such that the interval [αi−1 − ε, αi−1 + ε] contains no critical level besides αi−1 and the interval [αi −ε, αi +ε] contains no critical level besides αi. We want to show inductively that B α (P ) and F α (P ) also have to be homotopy equivalent for all 0 ≤ α ≤ αi + ε.
Let x ∈ h −1 (αi) be a critical point of h. We can assume without loss of generality that x is the only critical point in h −1 (αi), because all operations that we are going to perform in the following can be localized around each critical point in h −1 (αi) by using a suited partition of unity. Since αi > 0 the point x cannot be a minimum, i.e. it is either a saddle point or a local maximum. We distinguish three cases. Either x is an index 1 saddle point, an index 2 saddle point or a maximum.
First case.
Assume that x is an index 1 saddle point. Our characterization of critical points states that x has to be contained in a Delaunay edge E that intersects its dual Voronoi facet, i.e. x is contained in a Gabriel edge. For ε > 0 sufficiently small the Gabriel edge E is completely covered by the union of balls B α i −ε (P ) besides a small open line segment contained in E that contains x. Let E be the closure of this line segment and let v and w be the two endpoints of E . We have B α i −ε (P ) ∩ e = {v, w}. Thus the map
that maps v and w to itself can be used to glue E into B α i −ε (P ). The topological space that results from this gluing operation is denoted by B α i −ε (P ) ∪ϕ E . Siersma proves in [14] that B α i +ε (P ) is homotopy equivalent to E by giving an explicit deformation retraction of B α i +ε (P ) to B α i −ε (P ) ∪ϕ E . Actually, Siersma provides a prove only for the two dimensional case but its generalization to three dimensions is straightforward. From Theorem 2 we know that
. The latter union of balls is by our inductive assumption homotopy equivalent to F α i−1 +ε (P ) which in turn is the same as
That is, we can look at F α i (P ) as the topological space we get by gluing E into closure(F α i (P ) − E ). The gluing is done by mapping v and w in E to v and w in
There is a straightforward deformation retraction of closure(F α i (P ) − E ) to F α i−1 by just pulling back the endpoints v and w of E to the corresponding endpoints of the Gabriel edge E. Thus we find that F α i (P ) − E and F α i−1 (P ) are homotopy equivalent.This provides us with the following sequence of homotopy equivalences:
By gluing the same segment E at the same points v and w into the two homotopy equivalent spaces F α i (P ) − E and B α i −ε (P ) we get a homotopy equivalence,
That is, altogether we have the following sequence of homotopy equivalences:
Hence the the union of balls B α i +ε (P ) and the flow shape F α i +ε (P ) have the same homotopy type at level αi + ε. Since we know that the flow shape and the union of balls can change their homotopy type in the interval [αi −ε, αi +ε] only at the critical level αi we have that B α (P ) and F α (P )
are homotopy equivalent for all 0 ≤ α ≤ αi + ε.
We want to use the same idea of proof also for the case that the critical point x is either an index 2 saddle point or a local maximum. It turns out that the proof can be copied almost line by line for the remaining two cases besides the part that establishes the homotopy equivalence
where E is replaced either by a small surface patch if x is an index 2 saddle or by a small volume element if x is a local maximum. The proof of this homotopy equivalence was trivial for the case that x is an index 1 saddle point. It turns out that we have to work harder to prove the analogous statements in the remaining cases.
Second case. Now assume that x is an index 2 saddle point. Our characterization of critical points states that x has to be contained in a Delaunay facet F that is intersected by its dual Voronoi edge. The proof of Lemma 2, see [11] tells us that we have F ⊂ F α i (P ) if we choose ε sufficiently small. The boundary of F is by definition contained in closure(
. That is we can glue F along its boundary into both spaces. Using again an explicit deformation retraction similar to one described in [14] we can establish the homotopy equivalence
where ϕ maps the boundary of F onto its copy contained in B α i −ε (P ). If we show that
then we are done, because we can apply a similar proof as in the first case. Note that the homotopy equivalence is not obvious since the smoothed stable manifold S * (x) of x need not be a topological disc. We are now going to prove the homotopy equivalence by giving an explicit deformation retraction. This deformation retraction will be a little bit more complicated than necessary here. The benefit of complicating things is that we can apply the strategy used here also in the case that x is a local maximum.
To construct a deformation retraction of F α i (P ) − F to F α i−1 (P ) we shortly recall how the smoothed stable manifold S * (x) of the index 2 saddle x can be computed. The details can be found in the proof of Lemma 2, see [11] . We first want to identify all points in S * (x) that flow into x on straight line segments -more specific we are interested in all these line segments and denote the set of all these line segments as L. For every Voronoi cell incident to x the line segment connecting the dual Delaunay vertex of this Voronoi cell with x is a line segment in L. The remaining line segments in L pass through the Voronoi facets incident to x. For every of these Voronoi facets we get exactly one line segment in L by first connecting the unique driver d of the facet with x and then determining the second intersection point besides x of this line segment with the boundary of the Voronoi facet. In the proof of Lemma 2, see [11] , this intersection point is denoted as s . For every line segment in l ∈ L we consider a small cone with apex y around l. Here y denotes the second endpoint of the line segment besides x. The cones are chosen small enough such that they do not intersect each other. Every point in the interior of the intersection of such a cone with S * (x) can be pulled back to y on a straight line. This gives us a deformation retraction of
− F with the interior of the intersection the cones with S * (x) removed. We denote the latter set as F1. Figure 8 illustrates the deformation retraction of For every line segment in L whose second endpoint y is not a Delaunay vertex we consider two triangles xyz and xyz . Here z and z are the two Delaunay vertices such that all interior points of the line segments that connect y with z and z , respectively, flow into y. The intersections of F1 the triangles xyz and xyz can be retracted to the line segments yz and yz in a straightforward manner. We denote the set that we get after retracting all such triangles as F2. Figure 9 (on the left) illustrates such a set F2. We continue the construction of the deformation retraction of F α i (P ) − F to F α i−1 (P ) iteratively at every apex of the cones that is not a critical point. If such an apex is a critical point then it is already contained in the boundary of S * (x). Around every apex y that is not critical we place a small ball and retract the intersection of F2 with this ball to the intersection of F2 the boundary of this ball. We denote the set that we get from this deformation retraction as F3. See Figure 9 (on the right) for an illustration of this straight forward deformation retraction of F2 to F3. We can now proceed iteratively by processing y until there is no further point to process. Figure 10 shows two more steps in such an iteration. From this procedure we get a sequence of sets
where each Fi+1 ⊂ Fi is a deformation retract of Fi. Thus the whole sequence provides with us with the homotopy equivalence of F α i (P ) − F and F α i−1 (P ). That finishes the case that x is an index 2 saddle point.
Third case.
Finally assume that x is a local maximum. Our characterization of critical points states that x is a Voronoi vertex contained in its dual Delaunay cell T . For ε > 0 sufficiently small the Delaunay cell T is completely covered by the union of balls B α i −ε besides a small open subset contained in the interior of T that contains x. Let T be the closure of this subset in T . We have T ⊂ F α i (P ) if we choose ε sufficiently small. Thus the boundary of T is by construction contained in closure(F α i (P ) − T ) but it is also contained in B α i −ε (P ). That is, we can glue T along its boundary into both spaces. Using once more an explicit deformation retraction as described in [14] one can establish the homotopy equivalence
where ϕ maps the boundary of T onto its copy contained in B α i −ε (P ). Again we are done if we show that
This can be done by generalizing the technique that we used for the case that x is an index 2 saddle point. We leave this generalization for the full version of this paper.
CONCLUSION
The result in this paper establishes a topological similarity between two apparently different shape constructors from a set of points.
In Figure 11 we demonstrate that these shape constructors can be geometrically quite different even though they are topologically similar. The pictures for Figure 11 were produced with our implementations of efficient algorithms to compute the α-shape and the flow shape, respectively. Also this figure shows the union of balls at the corresponding levels. Notice that this union looks almost like a big ball at large levels. The level here is so large that we had to zoom out in order to fit the union of balls on the screen. For biological applications, namely macromolecule structure exploration, topological multi scale modeling on weighted points via α-shapes seems to be an interesting tool [9] . The weighted points represent the positions of the atoms in the macromolecule weighted with their radii. The flow shape hierarchy can also be defined and computed efficiently for weighted points and the homotopy equivalence still holds for the weighted hierarchies. The exposition in the weighted case gets more complicated without adding anything substantial new. Thus we have decided to restrict ourselves here only to the unweighted case. Another generalization would be to establish the results also in higher dimensions than three. This seems to be possible, but since the combinatorial complexity of both α-shapes and flow shapes grows exponentially with the dimension, these hierarchies seem not to be interesting for applications in high dimensional space. But the case for four-dimensional space may turn out to be useful in future. 
